KEK-TH-1296 
December 2008 



Vertex operators of Type IIB matrix model 
via calculation of disk amplitudes 



Yoshihisa Kitazawa^)'^) and Toshikazu Negi^^ H 

High Energy Accelerator Research Organization (KEK), 
Tsukuha, Ibaraki 305-0801, Japan 
Department of Particle and Nuclear Physics, 
The Graduate University for Advanced Studies (SOKENDAI), 
Tsukuha, Ibaraki 305-0801, Japan 



Abstract 

We investigate the vertex operators of the supergravity multiplet in IIB(IKKT) matrix 
model by calculating the disk amplitudes, exploiting the technique of conformal field 
theory. The vertex operators of IIB matrix model are given as the coupling of a closed 
string and the open strings which are introduced by the existence of D(— l)-branes. We 
consider the most generic couplings which involve both the bosonic and fermionic open 
strings. Our results are consistent with the previous results based on supersymmetry. 
We thus confirm the structure of the IIB matrix model vertex operators from the first 
principle. 



^E-mail address: kitazawa@post.kek.jp 
^E-mail address: tnegi@post.kek.jp 



1 Introduction 



Type IIB (IKKT) matrix model p] is one of the proposal to define the superstring theory 
nonperturbatively. It is formulated as the zero-dimensional reduced model of the maximally 
supersymmetric Yang-Mills theory. In the case of finite matrix size A^, it can be thought as the 
effective theory of D-instantons. 

Action of the type IIB matrix model is : 



S = -\Tr 
9^ 



\[A„A^][A>^,A-^] + l-er[A,,e] 



where A^ and e are N x N Hermitian matrices. Af^ is a ten-dimensional vector and e is a 
ten-dimensional Majorana-Weyl spinor field respectively. 

To calculate the correlators in type IIB matrix model, it is necessary to construct the vertex 
operators. Their bosonic terms are determined first by one of the authors [2J by exploiting 
supersymmetry. Subsequently a systematic procedure is developed through the construction 
of the supersymmetric Wilson loop operator. In this way, the vertex operator is determined 
completely up to the 4-th rank antisymmetric tensor [3], H]. Recently there was a further 
progress in determining the precise form of vertex operators for the matrix model [5]. 

In this paper, we investigate the vertex operators by using conformal field theoretical tech- 
nique. In this method, the bosonic part of the vertex operators is investigated in [21 El E] in the 
presence of D(-l)-branes. The investigation of the fermionic part is carried out in [9] for the 
case of a single D(-l)-brane. We extend these investigations into the most generic case. Namely, 
we consider both the fermionic and bosonic open strings in the presence of A^ D(-l)-branes. 
In the case of a single D(-l)-brane [^, the Majorana-Weyl fermions were not matrices. In the 
presence of A^ D(-l)-branes, Majorana-Weyl fermions become N x N matrices. The matrix 
model vertex operator becomes the Wilson lines due to the multiple insertions of the bosonic 
open string vertex operators. Type IIB superstring theory is a closed string theory. The type 
IIB matrix model is multiple D(-l)-brane theory for finite A^. The existence of the D-branes 
introduces open strings. The disk amplitude technique relies on the fact that the the vertex 
operator couples the closed strings to open strings. Disk amplitude technique was also used 
in the study of supersymmetric four- dimensional effective gauge theories with instantons from 
type IIB superstring theory such as in [T5] . 

In comparison to the previous investigations using supersymmetric transformation in IIB 
matrix model IH [3] , we can check that the resultant formulae give the consistent form of the 
vertex operators for the IIB matrix model up to the 4-th rank antisymmetric tensor completely. 

This paper is organized as follows. In section 2, we introduce the disk amplitudes which 
couple closed strings in the bulk to open strings on the boundary. In section 3, we define 
the conformal field theory vertex operators that are necessary to calculate the disk amplitude. 
From the section 4 to section 9, we investigate the explicit structure of the vertex operators of 
the type IIB matrix model via the calculation of the disk amplitudes. We conclude in section 
10 with discussions. 



2 Disk amplitudes 

In this section, we introduce the disk amplitudes which couple closed strings in the bulk to 
open strings on the boundary. They will be investigated in the subsequent sections. 
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Table 2.1: Massless multiplet of the type IIB superstring theory. 



SUSY(n-th level) 


type IIB supergravity multiplet 


n = 


complex scalar $ ((NS-NS dilaton) + (R-R axion)) 


n = 1 


complex dilatino A 


n = 2 


complex antisymmetric tensor B^,^ 


n = 3 


complex gravitino 


n = 4 


real graviton h^i, and real 4-th rank antisymmetric tensor A^yp^, 



V 



F 




Figure 2.1: Disk amplitude in which n-th SUSY level closed string vertex operator couples to n 
open strings. y denotes the closed string (supergravity) vertex operator. F denotes the vertex 
operator of the fermionic open string. 



When there exist D-branes, they introduce the boundary to the string world-sheet. So the 
topology of the world-sheet becomes a disk and it is conformaly equivalent to the upper half 
plane. We put open string vertex operator on the boundary of the disk, namely the real axis. 
We put a closed string vertex operator in the inner part of the disk, i.e. at a location z in the 
upper half plane. The closed string vertex operator, bosonic and fermionic open string vertex 
operator are denoted as V , U and F respectively. The concrete form of the V , U and F are 
given in the next section. We illustrate the disk amplitude in Figure J^TTl 

We focus on the supergravity multiplet in type IIB superstring theory. They are the BPS 
states which preserve the half SUSY (16 supercharges). The IIB supergravity multiplet consists 
of a complex dilaton a complex dilatino A, a complex antisymmetric tensor 3^,^, a complex 
gravitino a real graviton h^j^^ and a real 4-th rank antisymmetric tensor A^^pfj. They are 
generated from the complex dilaton by acting 16 broken SUSY generators. By regarding the 
complex dilaton as the highest state in the supergravity multiplet, we can classify the type IIB 
supergravity multiplet as Table 12711 

For the vertex operator V at the n-th SUSY level, we may put n fermionic open strings on 
the boundary of the world-sheet. We may also put m bosonic strings and n — 2m fermionic 
open strings (where 2m < n). For example we can insert a single bosonic open string vertex 
operator on the boundary instead of 2 fermionic open strings. Such an amplitude is illustrated 
in Figure J2]2l 
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V 




Figure 2.2: Alternative to n fermionic open strings, the closed string vertex operator can couple 
to n — 2 fermionic open strings and a single bosonic open string. 

3 Vertex operators 

The vertex operator of the closed string that satisfies the NS-NS boundary condition is 



(z)rkX{z,z) 



(3.2) 



If C,^^ is a traceless symmetric tensor, it corresponds to the vertex operator for the graviton. 



In the case of (O)-picture, instead of e '^'^^^il){z)^ we use dX^^{z) + ikpj^'^{z). For instance, 

(3.3) 



z) becomes as follows 



V^Zi)i^^^) = Ci^X^{z)+^k,rizmz)e-'^^'^e^''''^^''\ 
The R-R vertex operator involves the spin field S. For example, 

V^^l _i,(z,z) = C^5"(^)e-5<^(")(7/^-)^,^''(^)e-5^(^")e^'=^(^'^"). 



(3.4) 



is the vertex operator for the second rank antisymmetric tensor. 

When D(— 1) -branes exist, we need to introduce open string vertex operators in this theory. 
The bosonic one is 



(3.5) 



where $^ is the bosonic field and it is related to (the bosonic degree of freedom in the type 
IIB matrix model) by 

2W$^ = A^, (3.6) 

where we put 

a' = 1 (3.7) 
in our convention. We have decomposed [7*^°^ into the two vertex operators W'^'^^ and D^'^\ 

W^'\t) = ^''iX)tg^,d^X''it), 

D^'\t) = ~tg^,g,^[<l>^{X),<^^{X)]^^^%t). (3.8) 
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Table 3.2: Open string vertex operators and fields. 



Vertex operator 


Field in type IIB matrix model 


SUSY(n-th level) 




A 





Fi 


e 


1 




[A, A] 


2 


Ci 

2 


[Ae] 


3 



This vertex operator is introduced in [51 E]. Here we introduce \l/(t) as the fermionic field 
on the boundary. The exponentiated term of W^^\ namely exp{iW^^^) always appears in our 
calculation and introduces the Wilson-line structure in the matrix model vertex operators. The 
fermionic open string vertex operators are 

= ea5"(x)e-^*(^) (3.9) 

and 

Fi(x) = e'^(7^)afe>S''(x)9xX'^(x)e^<^(^), (3.10) 

where e's are the Majorana-Weyl spinors. These vertex operators are considered in [S] for a 
single D instanton. In this paper, we generalize them for D(— l)-branes. Therefore A and e 
become N x N matrices. In this process, we also introduce the vertex operator that contains 
the commutator of A and e. Because the conformal weight of the operator \l/°'\l/^(x) is the same 
with (9^, we can add the following operator to f l3.10p : 

C+i (x) = [e,, <l>J(7^)"''^"^^(x)5''(x)e+^<^(^). (3.11) 

This operator contains a bosonic string and a fermionic string. Thus we can substitute this op- 
erator for 3 fermionic strings. Using these operators, we calculate the disk amplitudes exploiting 
conformal field theory technique [8j . 

W^^\ Fi, D^^^ and Ci contains the fields of type IIB matrix model as follows: 

oc A, 
Fi oc e, 

2 

oc [A, A], 

Cioc[e,A]. (3.12) 

Just like the closed string vertex operators in Table |2TT] , we can classify the open string vertex 
operators by their SUSY level. Namely, starting with W^^\ we can assign a SUSY level to each 
operator as in Table JH^ 

We calculate the disk amplitude in which V is in the upper half plane and a group of open 
string vertex operators consisting of W^^\ Fi, D^^\ Ci are on the boundary. In order to 
respect space-time SUSY in our calculation, we impose the following condition for a group of 
the open string vertex operators; i.e. "SUSY level of a closed string vertex operator V (shown 
in Table J^TTI) should be equal to the total SUSY level of a group of the open string vertex 
operators on the boundary (shown in 13.21) ". Because we set the level of W^'^^ as 0, the closed 
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string vertex operator V always can couple to infinite number of W^^^^s. In fact V always 
couples to 

exp(iiy(°)), (3.13) 

which corresponds to the Wilson-line operator in the matrix model. 

In type IIB matrix model, the highest state in the SUSY classification is a complex scalar. 
In Tablej321 we have assigned it null SUSY level. Thus this field can couple only to exp(iW^^^). 
The SUSY level for dilatino is 1. So the dilatino field can couple to exp(iW^^^) and one fermionic 
open string. Since the SUSY level for B-field is 2, it can couple two Fi or one D^^^ in addition 

2 

to exp{iW^^^). We can calculate other disk amplitudes in a similar way. With this rule, we 
will demonstrate that the precise form of the vertex operators in type IIB matrix model can be 
reproduced from conformal field theory. 



3.1 Propagators 

In order to calculate the disk amplitudes, we need the two point functions for X's and ip^s. The 
two point function for X's is given as : 

(X^(z)X'^H) = - {g^"" ln\z-w\- g'"'\n\z-w\+ 2G"^^ ln\z-w\), (3.14) 

where g'^'^ is a closed string metric and G'^'^ is an open string metric. Here for the open string 
metric, we take 

G"" = 0. 

We consider g^^, as Minkowski spacetime metric : 

g^i, = diag{-l, +1, +1, . . . , +1). 

So 

{X''{z)X''{w)) = -g^'ln 



z - t 



z - t 



For later conveniences, we introduce a function r(t, z) as 

It is related to the Dirichlet propagator as 

z - t 



id I 



In 



z-t 



z — z 



{z-t){z-t) 



2tii 



drjt, z) 
dt 



For a fixed value of z, T{t, z) is a monotonically increasing function of t and 

t{oo, z) — r(— oo, z) = 1. 
Next we write down the 2-point functions of fermions. 



{r{z)r{w)) 
{r{z)r{w)) 
{r{z)r{w)) 
mz)r{w)) 



z 




w 




1 




z 




w 




1 




z 




w 




1 





'-g^"" + 2G"^^) 



2G^''), 



-9 

z — w 



(3.15) 
(3.16) 
(3.17) 



(3.18) 

(3.19) 
(3.20) 



(3.21) 
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The boundary-boundary and bulk-boundary propagators for the fermions are given by 

1 



19 



t-t 
1 

( 

z-r 
1 



9' 



(3.22) 



4 Scalar field 



Having set up the disk amphtude calculation which involves closed string vertex operators in the 
bulk and open string vertex operators on the boundary, we start explicit evaluations of these 
amplitudes in conformal field theory. We start with the simplest case, namely the complex 
scalar which is the highest state in the SUSY classification. In type IIB supergravity multiplet, 
there are two kinds of Lorentz scalars. They are dilaton and axion, which satisfy the NS-NS 
and R-R boundary condition, respectively. Here we need the disk amplitude for complex scalar. 
Therefore the amplitude that we want to consider is the complex combination of the NS-NS 
part and R-R part and it becomes as follows : 



RR\ 



(4.23) 



Scalar field can couple only to bosonic open strings that results in the Wilson line; i.e. the term 
given as follows : 

W^''\ta) = ^ngp^d^X''{ta). (4.24) 
The disk amplitude for the NS-NS dilation is given as 

'^^iTrP / dt2dt3 . . . (it„_idt„(c(^)c(^)c(ti))(V^(^^,_i)(^, z)-l[ {lW^'\ta))) 
— 2mTrP / dt2dt3 . . . dtn-idtn{z — z){z — ti){z — ti) 

n=0 

X ( [C(or^/..^'^(^)e-^^)^^(^)e-^(^)e*'=^(^'^")] J] (^*^^^p.a^X'^(^„))) 

L -I ^ 77/. 



p+oo 

— 2mTr'P I dt2dt3 . . . dtn-idtn{z — z){z — ti){z — ti) 

n=0 •^-'^ 



n 



a=l 



Z-ta 



Z-tn 



oo 

^ n! 



n=0 



X csr 



dt2dts . . . dtn-idt„ 



{z - z){z - ti){z - ti)- 



-D 



[z- z 



z — z 



'z - ti){z - ti) 



X 



n 

a=2 



($• A;) 



z — z 



[Z - ta){z - ta)_ 
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n=0 



X <^ - 



nl 



— / dt2dt3 . . . dtn-ldtn 



Cf^D (27rz$ ■ k) n 

n 

n=0 a=l 
n=0 a=l 



($ ■ k)2Tvi 



a=2 
1 ("^ 

1 



dta 



: (27r<l> ■ fc) 



dT{ta,z) 



dr [i {A ■ k)] 



(4.25) 



where D is the number of spacetime dimensions and in the superstring theory, we consider the 
case D = 10. Tr is the trace for A and e matrices. We use tr for the trace for 7 - matrices. STr 
denotes the symmetrized trace defined in Appendix A. 4. P denotes the path-ordered operators. 
Up to a normahzation constant, we find 



C(o) ^Trexp (iA-k). 



(4.26) 



Secondly, we calculate the disk amplitude for the axion. The amplitude is 
5^27rirrP / dt^dh . . . rft„-irft„(c(z)c(z)c(fi))(y(^|„3)(^, z)- J] 

:^^27rzTrP— / dt2dt^ . . . dtn-idtn{z — z){z — ti){z ~ ti) 



n 

X ([Cgfe"i<^(^)5'^(z)5,,5^(^)e-i^(^)e^'=^(^'^")] Wii^'ig^^d^X^ [Q]) . (4.27) 

a=l 

The OPE for 2-point function of the spin fields is given by flA.148p . So the disk amplitude is 

°° r+00 

— 27riTrP / dt2dt3 . . . dtn-idtn{z — z){z — ti){z — ti) 



n=0 
X 



6ab(z-z) 4 



-5 



n 

a=l 



27rzTrP— / dt2dt^ . . . dtn-idtn 

n "'-00 



-^Pgp^i-tk^g'^^d^ln 



Z-ta 



Z — t„ 



n=0 



{z - z){z - ti)(2; - ti)- 



z — z . 



($ • A;) 



z — z 



{z-h){z-h) 



X 



n 

a=2 

00 

^TrP 



($ ■ A;) 



z — z 



n=0 



(Z - ta){z - to) 
r+QO 



dt2dh . . . dtn-ldtnC^f{-2^) (2^2$ ■ k) JJ 



a=2 



($ ■ A;)27rz 



d T{ta,z) 

dt„ 



n=0 a=l 

OO 



dtn 



i (27r$ • k) 



dT{ta,z) 

dta 



{A . k)] 



n=0 a=l ■ '-"'0 



We thus find the identical result with (14.261) . 



Cgf^Trexp {iA-k) . 



(4.28) 



(4.29) 



Therefore, by forming a linear combination (I4.26p +z (l4.29p . we can derive the vertex operator 
for the scalar field in typellB matrix model as 



(Cw + <gf )5rr exp {ik ■ A) = $(A) V*(A, e). 



(4.30) 



5 Dilatino 



Next we calculate the disk amplitude for the dilatino. The disk amplitude for the complex 
dilatino is given as 

(A) = (A^^) +^(A^^). (5.31) 

Dilatino couples to one fermionic open string. Firstly, the disk amplitude for the NS-R dilatino 
field is 



(c(2)c(2)T/(^^_i)(2,2)c(xi)TrPexp j dtW^'^\t)^ F_i{xi)) 



X TrPexp j dt^ngp^d^X'' {t)^ c{xi)ef,S\xi)e 
=OTrPexp(- / dt$"(-zfc„)axln 



z - t 



z - 1 



[{z — z){z — Xi){z — Xi)] {z — z) '^{z — Xi) '^{z — Xi)' 



X 



(7' 



u\ab. 



z — z) 2(2 — xi) 2 (2; — Xi 



£6 



<Jf(7'')"^^^Pexp ( / dt^^'ikad^ln 



z - t 



z-t 



=C(7'^)'^''TrPexp j dt{27r<^ ■ k)^^ e, 
=C^^{YrSTrexp{zk-A)e,, 
where we used the correlator 

{r{^i)s%z,)s\z,)) = {z, - z^rk^i - ^3rk^2 - z,rHrr'- 



(5.32) 



(5.33) 



The disk amplitude for the R-NS dilatino field is similarly calculated as 

= {c{z)c{z)V^^{z,z)c{xi)TrPexp (^i j dtW^'^\t)^ F_i_{xi)) 
= - C^STr (exp {ik ■ A) {rfe,) . (5.34) 
From (Km +i (Km . we get 

(C + <a^)iir'STr {e^' \,) ^ Ai\)V\A, e), (5.35) 
where A (A) is the wave function of dilatino and it is defined as 

A'(A) = (C,T + 0(7T'- (5.36) 

6 B-field 

Next, we consider the vertex operators for Kalb-Ramond B-field. In type IIB theory, we have 
NS-NS B-field and R-R B-field. The vertex operator of the matrix model is given by the 
following disk amplitude: 

(S) = + (6.37) 

Since B-field is the two times SUSY transformed field in type IIB supergravity multiplet, it 
couples to two fermionic strings. 

6.1 B-field coupling to fermionic strings 

We calculate the disk amplitude in which the vertex operator of the B-field couples to two 
fermionic open strings. Firstly, we calculate NS-NS part. It is given as follows, 

= (c(2)c(2)V(%)(2,z)c(a;i)rrPexp {iW^''\t)) F^i{xi) j dx2F_i{x2)) 
r^{c{z)-c{-z)Ci:^e-'^{z)ij{z){dX'^ + ik,j^''){-z)e^'''^^-^^ 

xTrPexp j dWigp^d^X" {t)^ c(xi)e„5"(xi)e-^'^(xi) j dx2€bS\x2)e-^^{x2)) 

=C^^TrPexp (^i j drk-A^ Eatb j dx2{c{z)c{z)c{xi)){e-'^{z)e--^'^{xi)e--^'''{x2)) 

X {ik^3^-{-z)r{z)S''{x,)S\x2)). (6.38) 
The ghost operator part and picture operator part are calculated as 

{c{z)c{z)c{xi)) = {z — z){z — Xi){z — Xi), 

{e-'^{z)e-^'^{xi)e-^'^{x2)) = (z - Xi)-^{z - X2)~Hxi - Xa)"^ (6.39) 
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The spin field part is 

Q^-{-z)r{z)S''{x^)S\x2)) 
= 5"—^ 1 1 (6.40) 

where M^^{i) is the Lorentz generator which acts on vector and spinor indices, (i) denotes the 
fields and the summations are taken over all fields in the correlator. For vector indices, M^'^ 
acts as, 

iM'^^'vP = iigP^v" - g^Py"). (6.41) 

For spinor indices, it acts like 



Then fl6.4UI) becomes 



ZM'^-Va = l{r''^)a. (6.42) 



1 



z — z 



1 1 

Z — Xi ^ ' Z — X2 

1 

X 



{Z - Xi)2(2; - X'2)^^{xx - x^)''- 
1 (^M^(^A)afc_^AM(^.)a6) 



z — z 

Z — X\ 

1 



Z- X2 



(Z - 0:1)2(2; - X2)-^{Xx - ^2)4 

Substituting (16.391) and (I6.43P into (I6.38p . we obtain 
=C;L^^A;,TrPexp [i J drk ■ e^e, 

/ 1 1 

X ( (gp'^h^T'' - ^^''(7'')"^) + — — (7^''^ - g^'^Y + g'^'i'^Y'' 

\z — Z ^ ' Z — Xx^ ' 

1 

2 / Xry/, . \u in, \\ ab 



(6.43) 



Z - X2 

1 



X 



{Z - Xl) 2 (2 - X2) 2 (Xl - X2) 4 
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^iC^^kxTrPexp(^z J drk ■ [eail^^T'eb] 
X J dX2 



1 

X - 



{z - z){z - Xi)2{z - Xi){z - X2) '^{Xi-X2) -4 
Xi- X2 \ I 1 



2 \(z — Xi)(z — X2) J \{z — xi) 2 {z — 2:2)2 (xi — ^2)4 



-.-kxCSTrexv{ik-A) [ea{i^''^f'e,] J dx2 
-. - nkxC^^STrexp {ik ■ A) [eai^M^'eb] , 



z — z 



{Z - X2){Z - X2) 



(6.44) 



where we used the fact that for Majorana-Weyl bispinor matrix in symmetrized trace, 

STr exp (ik ■ A) [eY'^^-^"e\ = (6.45) 

in 10-dimensional theory unless n = 3 or 7. Ignoring the normahzation ambiguity, the disk 
amphtude for B-field for NN part is derived as 

(S^^) ~ k.C^^STr exp {ik ■ A) [ea{^^n^%] . (6.46) 

For RR part, 

^{c{z)c{z)V^_^_l^{z,z)TrPexp(^i J dtW^^\t)^ c{xi)F_i{xi) J dx2Fi{x2)) 
=(c(z)c(z)C5fe-i'^(z)5"(z)(7^'^)„;,5''(5)e-i^(z)e^'=^(^,5)rrPexp (t [ dtmg^d^X''{t) 

X c{x,)e,S'^{x,)e-"^'t'{x^) J dx2ef{Yy ^S\x2)d^Xp{x2)) 
^CjJ'rrPexp J drk ■ A^ ecefiYlab 

X [ dx2{c{z)c{z)c{xi)){e-^'^{z)e-^^{z)e-^'f'{xi)e-^'t'{x2)) 



X {S''{z)S\z)S%x,)S''{x2)) 



Z - X2 



Z - X2 



-iiYy.k'^Qapd^ln 
= - CjfTrPexp (^i J drk ■ A^ ecef{-f'"')ab J dx2 [{z - z){z - xi){z - x^)] 

X [z — z)~^{z — Xi)~^{z — X2)^{z — Xi)~^{z — X2)^{xi — X2)^ 
\z - X2){Z - X^){^rY\Y)'^ -{Z- Z){X^ - X2){lrY\Yf''' 



X 



X 



[{Z - Z){Z - Xi){z - X2){Z - Xi){z - X2){xi - X2)Y 

z — z 



''{Z - X2){z - X2) _ 

= - C^^TrP exp (^i J drk ■ A^ e^e/ 
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X / dX2 



{z — z) -i {z — Xi) -i {z — X2) {z — Xi) 4: {z — X2) ^ {xi — X2) 



\{Z - Z){Z- Xi){z - X2){Z - Xi){z - X2){Xx - ^2)] 

z — z 



''{Z - X2){Z - X2) 

where we used ( 1A.149I) . Then 

fee/ 



(6.47) 



{z - X2){z - x,)tr i^'^j,) {YYY^ - - - X2)(7.7M.7n''(70^d 
(z - X2)iz - xi)tr ir^lr) [ediYT^ + V^'S''^)^!] 
-{z~z){xr-X2)[e,{6r''Yr^^f] 
- Q{z - z){x, - X2)[e,ir'"' - g'^'r + g'^rr^ej] 
-Q{z-z){x,-X2)[ec{r'"'r^ef], 



(6.48) 



where 7t7^'^7^ = Q'j^'^ and f l6.45p hold. Therefore 
(B^^) = 6(^^kpSTrP exp (^i j drk ■ [ec{Y''''Y^ef] j dx2 



[Z — Z)2 (Xl — X2) 2 



{z - X2) 2 {z - Xi) 2 (z - X2) 

(6.49) 

This result is calculated up to constant. Therefore taking the limit Xi z, 



(S^R) =Q(^^kpSTrP exp (i [ drk ■ a] [ec{l^''^y^ ej] [ dx 



-i[z — z] 



_{Z - X2){Z - X2)_ 



QiQ^kpSTrexp {ik ■ A) [e,{^ 



=l2TiC;^kpSTrexp {ik ■ A) [e,{j'^''PyUf]. (6.50) 
Ignoring the normalization ambiguity, the disk amplitude of B-field for RR part is derived as 

~ iC^^k^STrexp {tk ■ A) [e^i^^^n'^ef]. (6.51) 
Therefore the disk amplitudes for B-field are derived as 

(5^^) + ~ (CT + ^C^^)STrexp {tk ■ A) [eMl'^T'e,] . (6.52) 
This result coincides with the following matrix model vertex operator: 

1 



5'^"(A)y^(A,e) = 5'^"(A) STr 



(6.53) 
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6.2 B-field coupling to one bosonic string 

Instead of two fermionic open strings, B-field can couples to one bosonic open string. Now the 
disk amplitude in which NS-NS B-field couples to one bosonic string is : 



TrP 27ri / dt2dt^ . . . dtn-idtn 
^TrP^2ni— / dtidt^ . . . dt^-idtn 



X c{h)Y[[i^Pgp,id^{-ig'"'K\n 



Z-ta 



a=l 



Z-tn 



)] dx{g^,gps[^\¥]^^^P){x)]]) 



TrP 27ii— / dt2dt3 . . . dtn-idtn 



X 



Y[[{<^ ■ k)id±ln 



a=l 



Z-tn 



dx[Fa/3^''^^{x) 



z-ta 

Contributions from the ghosts are given as: 

{c{z)c{z)c{ti)) ^{z- z){z - ti){z - ti), 



(6.54) 



(e-^(^)e-^(^)) = 



1 



z — z 



(6.55) 



Contributions from the fermions are given as : 

(^''(^)^"(^)*"*^(a^)) 

={r^ix)nz)r{z)) 



i 



-—^{riz)riz)) 

X Zi 



1 



{x — z){z — z) 
Therefore the result is 



{x — z){z — z) 



(rt'^^-^^V^). (6.56) 



——C^^TrP V 2m- / dt^dt^, . . . dt^^-idt^ 



X [{z - z){z - ti){z - ti) 



z — z 
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X ($• A;)- 



z — z 



z - ti){z - ti 



a=2 



X R 



dx[- 



1 



1 



{2n) 



{x — z){z — z) 
/ (1=0 ■ — ''^ 



[x — z){z — z) 



a=2 



X ( f dxi^ic^F'^^ - c^^^Fn + -^acf"- - CFn]) 



C^^STr exp {iA ■ k) F'^^ {2m) 



(2vr) 



= --C5Tr[exp(zA:-A)Fn, 

where we used the fact that F^^ is the antisymmetric tensor. 
Next we will consider RR part. 

°° r+oo 

2m / dt2dt3 . . . dtn-idtn 

n 

X (c(^)c(f)y(^| _3)(z,z)c(iOTrP-n (^W^^°H^a)) 
-^TrP^2m— / d^dh . . . dtn-idtn 



x(c(z)c(^)c(tO)(Ce-^'^(^)5«(z)7„T5''(^)e-i^(^")e^ 

1 



ikX 



X ]^p- A;)iaxln 



Z-ta 



a=l 



{2n) 



dxlFa^^'^^'^ix)] 



z-ta 

Contributions from the ghosts are given as: 

{c{z)c{z)c{h)) ^{z- z){z - ti){z - h), 



1 



(z-z)^ 

Contributions from the spin fields and fermions are given as: 

{S''{z)S\z)^''^^ix)) 
={r^{x)S^{z)S\z)) 

-E^is^i^)srz)) 

i 



{z-z) 



dxD^°\x) 



(6.57) 



(6.58) 



(6.59) 
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1 1 



{x — z){z — z)i {x — z){z — z) 

■^il'-T i- ^-TT - , 1 • (6-60) 

^ \{x — z){z — z)i [x — z){z — z)- 



Therefore the amphtude becomes 



1 OO r+oo 



(27r) 

^ ' n=0 



oo 
1 



[z- zVi 



z-z TT/^ ,xo .dT{ta,z) 



x(ik-A)- -TT(<I> ■ A;)27ri ^ 



a=2 

1 1 



1 1 



{x — z){z — z)i {x — z) {z — z)i 



2(2^)2 

^ ' n=0 a=2 • 

X F^p( / dx- ^--^ — ) . (6.61) 

\J {x-z){x-z)J 

Here we can use the equation (lA.147p . Substituting this into the above equation, 

1 1 



2 (27r) 



^C^^STr[exp{tk-A) 
1 B 



2f -I 

-. — — STrexp {tk ■ A) [(^^^F^'' - C^^F^^ - Q^^F^^ + Q^^F^^] 



2^1 



^^C;^STreM{^k-A)]F^\ (6.62) 

The result for type IIB superstring multiplet is 

(5^^) + ^(5^^) = (Cjf + i(:l^)STrex^[{ik ■ A) F^^]. (6.63) 
The corresponding part of the vertex operator in the matrix model is 

S'^'^(A)y/,(A,e) = B^^{X)SW^-^ (^-1[A,,aS^ . (6.64) 

They coincide up to normalization coefficients. 

7 Gravitino 

Now we calculate the disk amplitudes of the gravitino, which is written like: 

(*) = (*^^) (7.65) 
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7.1 Gravitino coupling to three fermionic strings 



Since the gravitino is the 3 times SUSY transformed field in type IIB massless superstring 
multiplet, the closed string vertex operator for the gravitino can couples to 3 fermionic open 
strings. Firstly, RN part becomes as 



X c{xi)F_i{xi) j (ix2-F_i (X2) j dx^F_i{xz)) 



{c{z)c{z)CJ^e--^^{z)S\z){dX'' + ikpf^'){z)e'^^ {z,z)TrV exp ( i I dt^Pigp^d^X'' {t) 



X c{xi)e,S\xi)e-"^'t>{x^) / dx2e,S%X2)e--2^{x2) / dx^edS\x^)e-"^^{x-i)) 



iC^kpTrVexY>[i / drA; ■ A ) e^e^e^ / dx2 I dxMz)c{^)c{xi)){e-^^'^{z)e'^^'^{x^)e'^2^{x2)e-'^'^{x^)) 



X {^3p^{z)S\z)S\x^)S\x2)S\x^)) 

iC^^kpTrP exp ^ J drk ■ ^b^c^d j dx2 J dx^ [{z — z){z — xi){z — xi)] 

X 1^(2 - Xiy^{z - X2)~^{z - X3)~^{xi - X2)~^{xi - X3y^{x2 - Xs)^^ 

^ MP^'ii) {Z - X3)ixi - X2)iYT\lrY'^ -{Z- Xi){x2 - X3) {YT'^ (irf'' 



Z- Zi 



[{z - Xi){z - X2){Z - X3)(xi - X2){xi - X3){x2 - X3)] 

^C7fc,TrPexp [i j drk ■ 

X tbeced / dx2 / dxs^z - z){z - xi)^{z - X2y^{z - X3y^{z - xi) 



X{xi-X2) 4(0:1-2:3) 4 (2:2 -S3) 4] 



X 



7 — 



MP^'ii) {Z - X3)ixi - X2){-frT'{Y)"' -{Z- Xi){x2 - X3) {jrT'' (Y)'"' 



Z — Zi 



\{z - xx){z - a:2)(2; - X3)(2:i - a:2)(2:i - 2:3)(x2 - 2:3)] 



(7.66) 



Because f l6.45p holds, ec{Y^^^"'^"')"''^ed and tb{Y^'^^ '^"Y^^c vanish unless m and n are 3 or 7. 
This is why the factors on which M'^^ acts are constrained. Therefore in the above equation, 
the only contributing factors follows: 



iCfpkpTrP exp{i / drk ■ A 



{z — z){z — Xi) 



X e,e,e, / dx2 [ dx^llM^^Yn'" ( - , , w w , 

J J 2 \Z-X2 Z - X3 J 1{Z - X2){Xi - X3){X2 - X3) 

_ 1/ Nad/ p^TNfec f _J: ^\ r jz - Z){Z - Xi){z - Xi) 

2 ^ \Z - Xi Z - X2 J [{z - X2)iz - X3){Xi - X2){Xi - X3) _ 



z-TrP exp ^ J drk ■ A 
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z — z 



z — X\ 



{Z - X'2){Z - X2) {Xx - Xj,){z - X3) 



-TrP exp ( % I drk ■ A 



[C^hrT'e,] [e^ik^Yn^'^d] [ dx, f dx. 



z — z 



Z — Xi 



_{Z - X2){Z - X2) {Z - X3)(Xi - X3) J ■ ^^'^^^ 

Here we have two possibilities. We can take the hmit xi — 2; or xi — z. Taking the former 
hmit, only the first term in fl7.67p contributes and it becomes: 

- ^^Trexp {ik . A) [CaT(7.)'^'eJ Hk^Yn^'^d] {27it){2m) 
=27rHSTrexp {ik ■ A) [C^iirT'e^] [e.ikpYn^'^d] ■ (T.68) 

For the second case, taking the limit xi —>■ z, only the second term in fl7.67p contributes and 
it takes exactly the same form as (I7.68p . Therefore in the both cases, this result is essentially 
regarded as 

STr exp (zk ■ A) [C^iirT'e,] [e^ik^Y'l^'^d] • (7.69) 

The NR contribution can be evaluated in an analogous way and the identical expression is 
obtained. In this way the disk amplitude for the gravitino becomes 

(*) = (C + <J')STrexp {zk ■ A) [(7.)"^e,] [e^ik^Yn^'e,] . (7.70) 

It agrees with the following vertex operator in type IIB matrix model: 

*^(A)y*(A,e) = *^(A)5Tr [e'''-'' (e ■ ^Y'e) ■ Hu] ■ (7.71) 



7.2 Gravitino coupling to one fermionic string and one bosonic string 

We also consider the case in which the vertex operator of the gravitino couples to the vertex 
operator of one bosonic and one fermionic string. 

{c{z)c{z)V^^i^_^^{z,z)TrPexp (^i j dxW^'^\x)^ j dtD^^\t)^ c{xi)F_i{xi)) 
= (c(2)c(z)C^^e~^'^(z),S'^(2)e-'^(z)V'^(z)e^'^^(z,^)TrPexp (i I dx^^igp^d^X^ix] 



dt{-tg^,g^s[<^'',<^f']^'y¥{t)) 



X I 



X c(a;i)e,5^(a;i)e-5<^(a;i)) 



X [2n%,27i<^s]e^b I dt(c(z)c(z)c(xi))(e-t*(z)e-'^(z)e-t'^(xi))(j^^(t)V^^(2)5'^(z)5^(xi)) 



CTrrPexp(2 I drk -A 



(271)2^"^^ 

X F^seb I dt[{z - z){z - xi){z - xi)][{z - zY^{z - xiY^{z - xiY^ 
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I 



^ t-Zi (^z - z)2(z - Xi)'2{z - Xi] 

KjfTrPexp (^i j drk ■ F^seb 



1 i i 

dt[ r(£/^S^ - g^'^-f^T'' + ^^{j^^YT'' 2_(^^/.^75)ab] 

^CT^^^Pexp (^t I drk . A^ F,se, j dt[j^^{g^'^^ - g^^^T 



1 1 
+ ^— (7^^^ - c,T^7'5 + ^■'A'^T)'^* 2_(^/.75 + ^7My _ ^^'^77)'^^]. (7.72) 

t — Z t — Xi 

Taking the limit Xi z, it becomes like : 

;C^TrP exp (^2 1 drk ■ A^ F,seb{g''i^ - g^^^T j dt ^ " ^ 



(27r)2^"^^ ^ ^^^^V V 7 ^ ' ' ^ J-{t-z){t-z) 

^C^TrPex^ (i j drk ■ A^ F,s{g^'^^ - g^^^T^i.- 



(7.73) 



The NR contribution can be evaluated in an analogous way. In this way, we find the other 
term of the gravitino vertex operator as follows: 

(C + <,T)^rr exp j drk ■ F,s{g''^^ - g^^^T^b 

= (Cr + ^C)^^^exp (^z I drk ■ A^ [{-2Fn ■ 67.] . (7.74) 

The corresponding part of the vertex operator in the matrix model is 

*^(A)y*(A, e) = *^(A) [STre'''-^ {-2F^'') ■ 57,] . (7.75) 
Here again they coincide. 



7.3 Gravitino coupling to C. 



Because the closed string vertex operator for gravitino couples to 3 fermionic open strings, it 
can also couple to Ci in (13.111) . In what follows we show that such a coupling vanishes for 
gravitino case. 

R-NS part is given as follows. We can consider the following disk amplitude : 



{c{z)c{z)V^]l _^p,z)TrPex^ \^ j dtW^^\t)] c{x)C i{x)) 
-{c[z)c{z)c{x))TrP eyi\i (^j drik ■ A 



X (CaMe-^'^(^)>9"(^)e-^(^")V''^(^)e*^^(z,z)[e^<l>J(7;3)c6^"^^(a;),S''(x)e-^'^(^)) 
- Ca^.TrP exp (^j drik ■ A^ [e^ (7/3)^6 

X (c(z)c(z)c(x)) (e-t^(^)e~^(^")e-^^(")) 0-"^(x)V'''(^),S'^(^)5''(x)) (7.76) 

18 



Contribution from the ghost terms are given as : 

{c{z)c{z)c{x)) = (z — z){z — x){z — x) 

(e-|0We-0(5)e^<^(-)) = _ ^)-|(^ _ _ ^)|. (7.77) 

Contributions from the fermion fields and spin fields are given as: 

{r^ix)ri-z)s'^{z)s\x)) 



X — Z (^Z — Z)^{z — x)^{z — x)3 

X ~ z (z — z)'^(z — x)'2(z — x)* 



(7.78) 



Substituting fTTTTD and (1775]) into (TTTHj) . we get : 



(7.79) 

In this equation, we take the value of x arbitrarily. Thus we take the limit x ^ z, then we 
obtain: 

- Ca^TrPexp (^j drik ■ A)j [e^ $„](7^),,(2(7°7'')', - 2g^^5',)W^'' 
= - Ca^T^rPexp (^j drtk ■ [e^ 

= 18Ca,TrPexp (^j drik ■ [e^ <l>„](7")cd(7^)"'- (7.80) 

From IIB matrix model action (11. ip . we find the following equation of motion 

(7")"''[^M,e^]=0. (7.81) 

Therefore (17.801) vanishes due to the equation of motion. NS-R part also vanishes in the similar 
way. Therefore, this coupling does not contribute to this vertex operator. 



8 Graviton 

Graviton is the 4 times SUSY transformed field in type IIB supergravity multiplet and the 
vertex operator satisfy the the NS-NS boundary condition. The matrix model vertex operator 
consists of 4 terms as shown in Appendix A. 5. We reproduce each of them in the following 
subsections. 
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8.1 Graviton coupling to four fermionic open strings 

We calculate the disk amplitude where the vertex operator of the graviton field couples to four 
fermionic open strings. The disk amplitude is : 

= {c{z)ciz)V^%{z,z)TrPexp (^i J dtW^^\t)^ 

X c{xi)F_i{xi) J dx2F_i{x2) J dx^F_i{x^) j dxiF_i{xi)) 
= {c{z)c{z)C^^{dX^' + ikpfP){z){dX'' + ikx'f^){z)e'''^{z, z)rrPexp j dt^Pigp,d^X{t)^ 

X c{xi)eaS\xi)e-^'l'{xi) [ dx2ebS\x2)e-^'^{x2) [ dx3ebS''{x3)e-^^{x3) [ dxiebS'^{xi)e~^'>'{xi)) 



= - C^^kpkxTrPexp j drk ■ A 

X ea€beced j dx2 J dx^ j dxi{c{z)c{z)c{xi)){e'^'f'{xi)e~^'^{x2)e'^'^{x3)e-^'f'{xi)) 
X {r{zy3^''{-z)S'^{x,)S\x2)S%X3)S%x^)). (8.82) 
Contributions from the ghosts are: 

{c{z)c{z)c{xi)) = {z — z){z — Xi){z — a^i) (8.83) 

and 

(e-^'^(xi)e-^'^(x2)e~^'^(x3)e-^'^(x4)) 

= {Xi - X2)~^{Xi - X3)'^Xi - X4)'^X2 - X3)~^{x2 - X4)"2(x3 - X^)'^ . (8.84) 

Contributions from the spin fields are: 

{jPf^(z)-f'^(z)S'^(x^)S\x2)S'ixs)S\x,)) 

MPP{m) M^^{n) (Xi - X4){X2 - X3){Y)''\TY'^ - (^1 - X2){X3 - X4){YT^{Y)'"' ^ 

Z-Xm ^ Z-Xn [{xi - X2) {Xi - X3) [Xi - X4) {X2 - X3) (Xs - X^) {x^ - X^)] t 

(8.85) 



m 



Because (16.451) holds, considering the Majorana-Weyl fermion bispinors, the factors which 
MPP{m) or M^^(n) acts on are constrained. 

Here we consider the case when MP^{m) acts on (7'^)'^'' and M'^^(n) acts on (7'^)^'^. 



(p^kpkxTrP exp ^ J drk ■ J dx2 J dxs J dx4 



[{z - z){z - xi){z - Xi)] 



X 



X 



3^1-3^2) * (2^1-3^3) 4(Xi-X4) 4(2;2-X3) 4(X2-X4) * (^3 - X4) ■* 
1 1 \ / 1 1 



Z — Xi Z — X2 J \Z — X'^ Z — X4 
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\{Xx - X2){Xi - 0:3) (Xi - Xi){x2 - Xs){x2 - X4){xs - X4)] 4 



X / dxo / rfx.-? / dx. 



{z — z){z — Xi){z — Xi) 
3^123^133^243^34 



{xi - 0:2) (3:3 - 3:4) 



_{z - Xi){z - X2){z - X3){z - X4)_ 

{z — z){z — Xi) 



X / dxo I dx?, I dx. 



XlzX2i{z - X2){Z - X3){z - Xi) 

-\grX'^!^kpk^TTPexY>[i j drk-A^ [eai^n"' ^b] ^1^^'" ^d] 

X2 — Z Xi — Z 



X / dxo / dx? / dx. 



z — z 



[Z-X2){Z-X2) {X2 - X4){Z - X4) (xi - X3) - Xs) 



(8.86) 



To calculate this expression, we take the limit We also consider X2 is closer to z 

than to X4. That is, on integrating over X4, we regard that X2 is on the upper half plane. In 
this way it becomes like : 



-grX^^k,k,STrexpitk-A) [taiYn^'e,] [e^h^^'^^] (2^)' 
= - 2nHg^^C^^kpkxSTrexp {ik ■ A) [eaiYn^'^b] [eeil^n^'^d] • 
This formula can be regarded as : 

Cj^^STrexp {ik ■ A) k^k, [e^iYn^'e,] [e^h'n'"'^,] . 



(8.87) 



(8.88) 



Of course, MP^{m) and M^'^{n) also act on other factors in the (18.851) . Such cases are considered 
in Appendix.A.3. The conclusion is that they give the same result. The corresponding term of 
the type IIB matrix model vertex operator is : 



V(A)y'^(Ae) = V(A) 
We find again they coincide. 



STre 



ik-A 



fcA(e-7'^"^e)-(6-7V) 



96 



(8.89) 



8.2 Graviton coupling to one bosonic string and two fermionic strings 

We calculate the disk amplitude where the vertex operator of the graviton field couples to two 
fermionic open strings and one bosonic open string. We calculate the following disk amplitude: 



{c{z)c{z)V^^_-^-^{z,z)TrPexp \i j dxW^'^\x) 

dtD^^\t)^ c{xi)F_i{xi) j dx2F_i{x2)) 



X I 



{c{z)c{z)(:^^{dX^' + ikpYP){z)^''{z)e'^{z)e'^''{z,z)TrVexp [ i I dx^Pigp^d±X{x) 
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X j I 

ik 



" Cil''TrPexp(^2 j drk ■ F^s^a^b j dt j dx2{c{z)c{z)c{xi)){e-\z)e-'^'*'{x^)e-y{x2)) 



X {3^P{z)3'<\t)r{z)S\x,)S\x2)) 
ik 



^Ciif'TrPexp j drk ■ F^^e.e^ 



(27r)2' 

X f dt f dx2[{z — z)(z — Xi){z ~ Xi)] {z — Xi)^'^{z — X2)^^{xi — X2) 



z-^i ■ t - Xj (2; - 0:1)2(2; - 0:2)2 (Xi - 

.^C™r.Pexp (, / ... . a) / ,t J2 ^ 

T — Z t — Xi t — 0:2 

(8.90) 

When we integrate over t, we concentrate on the terms in the square bracket, and take the 
hmit Xi ^ z and X2 z. That is, to define the integration over t well, we consider the case 
when xi and X2 locate in the upper side of the complex plane than t . Then we obtain 

1 i i 

t — Z t — X\ t — X2 

{t-z){t-z) 

= - 2TTi{g''^j^ - g^^i^Y^ (8.91) 
Using fl6.45p . we can obtain the following equation : 



^^7 ^7z^^^(5^a6 

Z Xi 

-h— ^—)e,{g-'f^'^ - g^'^Y''r%. (8.92) 

2 z — xi z — X2 



Consequently the disk amphtude becomes as follows: 
^" ;(J^uTrPexp (^i j drk ■ F^^m 



J {z-X2){Xi-X2){z-Xi){z-X2) 



;(^^TrPexp (^z J drk ■ A^ F^smeaig^'^'^ - g^'j^'^'T'e, J dx2^ 



-^mC!^^STrexp {ik ■ A) F^seaig'V - g^"" ^bi^ni) 



{2Tlf ^^'^ 
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Table 8.3: The U(l) charges for spin fields to calculate (18.961) . 



+ + 

+ + 

+ - 

+ - 

+ - 



= - yC^Tr exp {ik ■ A) (F/e.T'^^^ - F'^sear^'T^ 

= - C^^STre'"-'' {kpeaiyn^'ebF^) . (8.93) 
We compare this to the result from the type IIB matrix model, which is given as: 

V(A)F"(Ae) = ^Tre^'-^f^-^re-T^A-F'^)^^ . (8.94) 

They coincide up to normalization coefficients. 

8.3 Graviton coupling to Ci and one fermionic open string 

We also need to consider the coupling through Ci type vertex operator. The disk amplitude 
is: 

{c{z)c{z)V(^^^^^^{z,z)TrPexp (^i j dtW^^\t)^ c(xi)Ci(si) j dx2F_i{x2)) 
= (c(z)c(^)c(xi))(C2f'e-^^"V''(^)e"^(^)V'"(^)e'''^^"''^TrPexp (^i j drk ■ A 
xc(xi)[e",$«](7;3),,*°^^(xi)5^(x)e+^^(^i) J dx2e,5^(x2)e-5<^(^2)) 

= {{z -z){z- x,){z - xi)) CjTTrPexp (^t j drk ■ A^ [e^ ^o]ilp)abec 



X J dX2{z — z) {z — Xi)'2 {z — X2) 2 (2; — Xi) 2 (2; — X2) '2{Xi—X2)^ 

X {r'^{xi)tP^{z)i;''{z)S\xi)S^{x2)). (8.95) 
To calculate the OPE : 

{r^{xi)r{zW{z)S\x,)S''{x2)), (8.96) 
we specify the U(l) charges of bosonized and S'^ as in Table J873l Recalling the OPE of the 
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2-point function of the spin fields in flA.148p . we can show : 

[Xi - X2)i 



(775) 



be 



(Xi - X2) 



-{r^x,)f\x2)rizWiz)). 



■■yS 



fl8.97p becomes : 



{r^x,)f\x2)r{z)r{z)) 

--{'^'''$%Xi)'^^¥{x2)V{z)'lfj''{z)). 



This gives 



0(5 7^ 



+ 
+ 

and the following terms 



+ 



{Xi - X2){X2 - z){z - z) 

g(3U g-yt^ 

{Xi - X2){X2 - Z){Z - Z) 

gO-y gf^/lgSl/ 

{Xi - X2){X2 -Z){Z- Z) 

gaSgPl/g-yll 



~^ (Xi - X2)ix2 - Z){Z- Z) 

This expression contains the poles on the real axis. Thus (18.951) becomes : 
CTrPexp j drk-A^ 

[Z - Xi)^^{z - Xi)^{Xi - X2)^ 



X {z — Xi){z — Xi) 



{Z - X2)Hz - ^2)'^ 



z — z 



{Xi - 0:2) 4(2:1 - Z){xi - Z){X2 - z){z - Z) 



av\bc 



Z — Z 



[Xi - X2)^[Xx - z)[Xx - Z){X2 - Z){Z- z) 



(8.97) 



(8.98) 



(xi 


i/ y y 

- Z){X2 - Z){Z - 




+ 


— (a 




-(7 


^8)) 






gUUg-ytJ.gPS 




+ 


— {a 




-(7 






(xi 


- Z){X2 - Z){Z - 








gaS g'yu gPn 




+ 


'y—[pL 




-(7 






(Xi 


- Z){X2 - Z){Z - 








gafM g-yjy gl35 




+ 






-(7 


^6)) 


(8.99) 



+ 


(-(a <-./?), 


-(7 ^ 


5)) 




+ 




-(7 ^ 


S)) 




+ 


[-{a ^(3), 


-(7 ^ 






+ 




-(7 ^ 


6)). 


(8.100) 
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z — z 



(Xi - X2) 4 (Xi - Z) {Xi - z) {X2 - z){z - Z) 

z — z 

{Xi — X2)^{Xi — z){xi — Z){X2 — z){z — z) 



(8.101) 



We have used the symmetry of (^^^ under the exchange of (i and p. We find that the contribution 



(18.1001) vanishes identically. Taking the limit Xi — >■ X21 this integration can be done. Using the 
equation of motion fl7.8ip . we obtain 



It agrees with the corresponding matrix model vertex operator: 



V(A)1/"(Ae) = V(A) 



STre'^"^ [A''\e]^ 



(8.102) 



(8.103) 



8.4 Graviton coupling to bosonic strings 

We consider the case where the vertex operator of the graviton couples to only bosonic open 
strings for completeness. It couples two bosonic open strings. The disk amphtude is : 

°° f+00 
TrP 2iTi / dt2dt^ . . . dtn-idtn 

n=0 

X (c(z)c(z)y(^^,_,)(z,^)c(ti)in(^W^W(4)) (^t I dxD^'\x)^ [t I dyD^'\y)y 

°° /•+00 
=TrP 2Tri / dt2dt3 . . . dtn-idtn 

n=0 



X (c(z)c(z)c(ti))(Ce-<^(^)^^(;^)e-^(^")^^(^)e^'=^(z, z)- \{ {i^" g.^d^X'' {K)) 

■ a=l 

X [i j dx{-tg^,,,gp,sA^^\¥-]^^-mP-){x)][i j dy{-ig^,,,gp,sA^^\¥^]^>--^^^){y)]) 

-—C^^TrF -1 / ^^2rft3 . . . dtn-idtn 

if z — z 

X \{z -z){z- ti){z - ti)] 27ri(<I> ■ A;) 



■z-z ^ ' ' {z-tx){z-ti) 

xF^,p,F^,p,j dx J dy{r^f'^{x)r^f'%y)r{z)rm 

^Cjl^'TrPexp (^^ dritk ■ A)^ F^,p,F^,p,{z - z) 



X I dx I dy{f'^'{x)f^^'{y)i>''{z)^lj''{z)). 



The OPE 



{r^^^ix)r-f'%y)riz)ri-^)) 



(8.104) 



(8.105) 
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is given in fl8.99p and (18.1001) . Using the fact that (J^^ is the symmetric tensor and F is the 
antisymmetric tensor, the disk amphtude becomes 



(2vr) 



^ -C^l^TrPexpf I'driik-A) 







{z - z? 



X I dx I dy{ - - (^-AF'^^>^F\,] 

\x — z)[x — z)[y — z)[y — z) 



exp{ik ■ A)F''^'F\ 
Up to the normahzation coefficient, fl8.106p gives : 



(8.106) 



aSTr 



(8.107) 



At the same time, the result from the type IIB matrix model is as follows : 

h^MV\A, e) = h,,{\)STr {e'^-^F^" ■ F%) . (8.108) 
They agree with each other. 

9 4-th rank antisymmetric tensor 

Finally we consider the fourth-rank antisymmetric tensor A^^p„. Similarly to the graviton field, 
it is the 4 times SUSY transformed part of the IIB supergravity multiplet. The difference is 
that the vertex operator satisfies the R-R boundary condition. Just like the graviton case, the 
matrix model vertex operator consists of 4 terms as shown in Appendix A. 5. We reproduce 
each of them in the following subsections. 

9.1 A^iypa- coupling to 4 fermionic open strings 

We calculate the disk amplitude, in which the fourth-rank antisymmetric tensor couples to 4 
fermionic open strings. It is given as : 



--{c{z)c{z)V^^^_l^{z,z)TrPexp (^i j dtW^^\t) 

X c{xi)Fi{xi) j dx2Fi{x2) j dx^F_i_{x^) j dxiF_i{xi)) 
'(c(^)c(^)C......e-inz)5'^(z)(7'^^^'^^^^^).,5^(^)e-t^z)e^^^(^,^) 



X TrPexp ii drk ■ A] c{xi)€<^{-f'')gcS%Xi)d±X^,e+^^{xi) 



X / dx2e\Y)hdS''ix2)d^X,e-'-^'^{x2) / dxseeS'{x3)e-"^'l'{x3) / dx^efS^ {x,)e--^'^ix,)) . 

(9.109) 
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Table 9.4: The U(l) charges for spin fields to calculate (19. 1131) . 



sf 

+ - + + -- 
+ + - + -- 
+ + -- + - 
+ + --- + 
+ + + --- 



Ghost terms give : 
and 



{c{z)c{z)c{xi)) = {z- z){z - Xi){z - Xi), 



(9.110) 



(e-^^(z)e-t^(2)e^'^(xi)e^*(x2)e-^'^(x3)e-^'^(x4)) 
= {z — z)~i{z — Xi)^i{z — X2)^^{z — x^)^^{z — x^y 

X {z — Xi)^^{z — X2)^''^{z — X3)^*{z — X4)~4 
X (Xi - X2)~^Xi - X3)'^^Xi - 2:4) + ^ 
X {X2 - X3)^^{X2 - X4,)^^{X3 - X^)"^ . 

Spin field S can be shown in the bosonized form as follows : 



S = e-^ 



(9.111) 



(9.112) 



Here s* take value : (±1, ±1, ±1, ±1, ±1) and W are scalar fields. Here we want to consider 
the 6 point function of the spin field given as : 

(5'^(z)(7^^^^''3^*)„,S''(^)e,(7^)^5'=(xi)e;,(7-)'^,5'^(x2)ee5'^(a:3)e/5^(x4)). (9.113) 

Here we take a specific configuration of s*'s as in the Tablej931 Then fl9.113p is calculated as : 

(5'^(^)(7'^^'^^"^'^^)a.5^^)e.(7'^)^5^(xi)e.(7^)^5'^(x2)ee5^(x3)6;5^(a:4)) 
~ege/,eee/(z - z)^{z - xi)~^{z - X2)~^{z - xs^^iz - X4,y^ 

X (z — 2:1)^4(2 — X2)^^{z — X3)^^{z — X4)~4 

X {Xi - X2)^Xi - X^y^Xi - X^Y~^{X2 - X3Y~^{X2 - xi)~~^{x3 - X^)^ 



(9.114) 



Therefore the disk amplitude of the ^4 

{■A^ll^l2^J■■j,^^■A) 



<?™.4^^Pexp(^ / drk-A 



X I dxo 



becomes as follows 



dx^ I dx4[{z — z){z — Xi){z — Xi)]/c^ 
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Z — Xi Z — Xi 



Z — X2 z — X2 



X 



z — z 



/z — z f z — z f 

(z - X2){z - X2) J (z - X3)(z - X3) J ^^(Z-X4)(Z-X4) 

= - 8^'iCZ.,s,.STr {e^'-Xk. ^{1"^'^^''^,] [e^ir^^^^^^ef] ) . (9.115) 
The result from type IIB matrix model is 

A^^^p-(X)V^(A, e) = A^'''"^{\)STre"'-^^k^k, [e ■ ^[,,^e] ■ [e ■ 7p.]^e] . (9.116) 
They coincide up to normalization coefficients. 

9.2 A^iypfj coupling to two fermionic strings and one bosonic string 

We calculate the disk amplitude where the vertex operator of the 4-th rank anti-symmetric 
tensor field couples to two fermionic open strings and one open string. The corresponding disk 
amplitude is : 

^{c{z)c{z)V^_^i^_3^{z,z)TrPexp (^t J dtW^^\t)^ 

xc{xi) (zD(°)(a;i)) J dx2F_i{x2) J dxsF_i{x3)) 
= (c(z)c(z)c(xO)(CS.e-^^(^)5'^(z)(7'^'^'''^)a65'(^)e-i^(^")e''=^(^^ 
X TrPexp (^l J drk ■ Aj ^^]*"*^(a;i) 

X J dx2e%j^)ecd±X^S%X2)e'^'*'^''''^ J dx3edS'^{x3)e-^'f'^''''^) 
^/.../..3(c(.)c(.)c(.0)(e-^^^^)e-i^(^)e^^(^^)e-i^(^3)^ 

X k, (^— - iY''nabmec{r^(x,)S''(z)S\z)S''(x2)S''(x3)). (9.117) 

\Z — X2 Z — X2 J 

Ghost contributions give 

{c{z^c{z)c{x\)) = [z — z){z — Xi){z — xi), (9.118) 

and 

— {z — z)~*{z — X2)^{z — X3)~^{z — X2)*{z — X3)~^{x2 — X^)^ . (9.119) 
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The OPE for the fermions and spin fields are : 



y M-f^jl) {Z - X^){Z - X2){rY\lr)"' - {z - ^) (x^ - X3) (7")""(7r)''^ ^20) 
. Xi-Zi i^z - z)i{z - X2)'^{Z - X^Yi{z - X2)^{z - X^)~i{x2- X2)~i 



Thus fl9.117p becomes : 
1 



C^rP exp I i / dT* . A ) F„^£'tj 



Xi — ^ Xi — 2:3 Xi — Z Xi — X2 

Z - Z)^{Z - Xi){z - Xi){x2 - X3) ^ 



{Z - X2)2{Z - X3)(2; - 2:3)2 

- j^CZ^TrPexp (^i j drk ■ F^pe'e^ 
X dxo / (iajq 



'{Z - X2){Z - X2) 



Z — Z X2 — X3 



{z - Xi){z - Xi) {Xi - X2){Xi - X3) 

(Z - Z)^Z - Xi){z - Xi) {X2 - 3:3) ^ 
X J 3 

{z - X2)^{Z - X3){z - X3)2 

- Y^C^x^^Pexp (^2 j drk ■ A;,F,^e^(7^7.7°^'^^'"^7")e'ed 

f z — z 

X / dx2 



{Z - X2){Z - X2) 

X / rfx3 



(2; - 2 (X2 - X3) 2 ^ (2; - z)2 - - Xi)(x2 - X3)2 



{Z - X2)2(2; - X3)(2; - X3)2 {Xi - X2){Xi - X3){Z - X2)^{Z - X3){Z - ^3)2 

(9.121) 

When we integrate over X3 in the last line of (19.1211) . we can take the limit X2 — ^ z. The first 
term in the integrand become 

z — z , , 

(9.122) 



{z - X3){Z - ^3)' 

The second term becomes 

^ ~ (9.123) 

{Xi - X'i){z - X3) 

and we can take any value for Xi. In particular taking Xi z, it vanishes. Ignoring the 
normalization ambiguity, f l9.12ip can be evaluated as : 

CS^^Tr {e^^-^F^^'^k, [eY'^^^e]) . (9.124) 
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The corresponding result from the matrix model is given as 

A^^-P-{\)V\A, e) = A^^'^''{\)STr (^e*"'^ • (e • lpafe)ki^ . (9.125) 
Therefore they coincide. 

9.3 A^iypa- coupling to Ci and one fermionic open string 

Same as the graviton field, A^^p„ can couple to Ci and one fermionic open string . The 
corresponding disk amplitude is : 



{A 



^{c{z)c{z)V^lsJz 



(-1 



,.)T.Pexp(./.«^<o.w) 



X c{xi)Ci{xi) J dx2F_i{x2)) 
=(c(z)c(^)CS^e-^^(^)S'»(7'*'^'"^)„6S'''e-i^^"")e^'=^rrPexp (^i j drk ■ A 

(ix2(c(^)c(^)c(a;i))(e-5'^(^)e-|^(^^e^^(^^)e-^^(^^))CJ^^rrPexp (i I drk ■ A 



X [e^$J(7^^'"^)a6(7/3)eced 

X {ff^{xi)S''{z)S\z)S%xi)S'^{x2)). (9.126) 
Ghost contributions give 

{c{z)c{z)c{xi)) ^{z- z){z - xi)(z - xi), (9.127) 

and 

3 1 13 3 1 

—{z — z)~^{z — Xi)^[z — X2)~^{z — Xi)i{z — X2)~^{Xi — X2)^ ■ (9.128) 

The OPE for the fermions and spin fields are : 



{r>'{x^)S-{z)S\z)S%x,)S\x2)) 

^ M"/^(Z) {Z - X2){Z - X,){rr\7rr' - (^ - ^)(Xl - X2){Yr'ilr)' 
/ 3 3 3 3 3 3 * lii/.X^c/l 

{i\zij^xi} ^1 ~ {Z - Z)^{Z - Xi)i{z - X2)^{Z - Xi)^{z - X2)i{Xi - X2y 



\bc 
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Thus the disk amphtude becomes 

-CS^TrPexp J drk ■ [e^^a]{r''nai>{lp)eced 

dX2 I z 

\ Xi — Z Xi — Z Xi — X2 

{z - Z)^Z - Xi)^Z - Xi){Xi - X2)^ 
{z - X2){z - X2)^ 

= - CTrP exp I drk ■ [e^ {^p^,^^^'>-^-^^)fea 



X / dx2 



z — z 



[z — Xi){z — Xi) ,Ti — X2 
{z — z)^{z — Xi)^{z — Xi){xi — ^2)^ 

X 3 

{Z - X2){Z - X2)'^ 

^-CZ.TrPexp (^z J drk ■ [e',^a](lplrl'"''''r''n/^d 

^ f. ( {z-z)i{xi-X2)^ {z-z)^{z-xi)^{z-xi] I /o1C!n^ 
X / dx2 -T- — -T - — -T- ^ I ■ (9.130) 

J \[Z - Xi)^[z - X2)[Z - X2)-^ [Z - X2)[Z - X2)'^[Xi - X2)^ 

We can take the hmit xi — > z. We obtain 

-27^^CSa^^Pexp [i J drk ■ A^ [e' ,<^a]{li3lrY'""'r^n/^d. (9.131) 

Ignoring the normahzation ambiguity, we obtain : 

C^^paSTre'''-'^e-f^''P''[e, ^'^J]. (9.132) 
The corresponding result from the matrix model is given as : 

A^'^p-(X)V^(A, e) = A^^''^{X)STr (^e^'-^'-e ■ 7[.p.[e, A^]]) . (9.133) 

We find an agreement in this case again. 

9.4 A^ypfj coupling to bosonic open strings 

Lastly we consider the case where the vertex operator of the 4-th rank antisymmetric tensor 
field couples to two bosonic open strings. The disk amplitude is : 

= {c{z)c{z)V^]\^_^p,z)Tr^exY> [i J dtW^^\t)^ 

xc{xi)i J dX2i {D^''\X2))) 

= (c(z)c(^)c(a;i)CS.e-^^(^)5"(^)(7'''^'"^)a(.-S^(^)e-t^(^")e^'=^ 
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X TrPexp (^i J drk ■ j^^[Ao., Ap][A^, As]rf {x,)f\x2)) 

= (c(^)c(^)c(xi))(e-^^(^)e-i^(^"))^CS.rrPexp (^t J drk ■ A^ 

yiF^pF,s{Y-nab{r^{x,)P\x2)S'^{z)S\-z)). (9.134) 
Ghost contributions give 

{c{z)c{z)c{xi)) = {z- z){z - Xi){z - Xi), 

(e-^^(^)e-5^("")) = {z~ z)--K (9.135) 
The OPE from the fermions and spin fields gives 

^'^\x,)3^\x2)S\z)S\z)) 

^ ' (9.136) 



Xi — Z Xi—Zj \X2 — Z X2 — ZJ [z — Z]^ 

Substituting these formulae into fl9.134p . the disk amplitude becomes 

Ignoring the normalization ambiguity, this formula can be simplified as 

C^^p.STre'^-^i-iF^^^'FP''^). (9.138) 
It agrees with corresponding result from the matrix model 

A^"'P''{\)V^{A, e) = A>"'P''{X)STre"'-^ (-^^[/.^ ■ Fp^]) ■ (9-139) 



10 Conclusion 

We have investigated the vertex operators of the supergravity multiplet in the type IIB matrix 
model from the first principle by using conformal field theory. The vertex operators couple 
closed strings to open strings that are introduced by the existence of the D-branes. We have 
generalized a single D instanton calculation [9l [10] into that for multiple D instantons by intro- 
ducing matrix Majorana-Weyl spinor fields. Although Okawa and Ooguri considered multiple 
D-branes, they only investigated the couplings to bosonic open strings. In this respect, we have 
investigated the most generic case in which the both bosonic and fermionic open strings are 
involved. Our results are consistent with the previous results based on the BPS nature of the 
supergravity multiplet. We have explicitly carried out the conformal field theory calculation 
up to the 4-th rank antisymmetric tensor field. 

Our investigation thus put our understandings of the supergravity vertex operators in IIB 
matrix model on a very firm basis. It is very gratifying that the symmetry arguments are 
confirmed by the first principle calculations in string perturbation theory. Our investigations 
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have thus justified the basic assumptions in the previous symmetry arguments. To be precise, 
we have confirmed the existence of each term of the matrix model vertex operators from the first 
principle, namely conformal field theory. The symmetry arguments need to assume the existence 
of these operators. Once their existence is assured, we can trust the symmetry arguments to 
determine the exact structure of the vertex operators including the numerical coefficients. 

The vertex operators enables us to compute the correlation functions in IIB matrix model. 
In fact, this problem has been investigated in [13] and perturbative superstring amplitudes are 
reproduced in a matrix string like background. 

The supergravity multiplet are very important to understand the dynamics of IIB matrix 
model as they are expected to control the low energy and long distance physics. Let us consider 
a block diagonal matrix configuration whose center of mass are widely separated. It has been 
found that the effective action for such a configuration is given by the supergravity which couples 
to the vertex operators of the respective matrix configuration. We thus expect that the long 
distance dynamics should be investigated by supergravity. We hope that matrix configurations 
could be self-consistently determined in such an analysis. 

Another issue is a possible relationship to gauge/gravity duality. Since we have argued that 
the effective theory of IIB matrix model is IIB supergravity, a consistent background of it must 
be a solution of supergravity. In fact non-commutative backgrounds are argued to be dual to 
supergravity solutions with various fluxes It is conceivable that such a correspondence can 
be better understood from our point of view. 
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A Appendix 

A.l Gamma matrices and traces 

We give some useful fomulae for calculating traces of 7 - matrices. Mathematically, 7 
are given by the Clifford algebra: 

{7^7'^} = 2y''^ 

Thus, 

tr(7'^7^) =tr(2^^'^ - 7'^7'^) 
=2^^"trl - tr7^7^ 

^2g^"'2^ -tr(7V)- 
.•.tr(7'^7'^) =^'''^2^. 

Therefore 

tr(7^7''7^7") =tr[(2^^'^ - 7''7'')7^7"] 

=2i?'^^tr[7^7"] - tr7"7^7^7" 

=2g^"'gf"'2^ - tr[7'^(2£?'^'' - 7^7'')7'"] 

-2 • 2^g^''gP'' - 2g^P ■ 2^ g''" + tr[7'^7''7'^7'^], 

where 

tr[7"7''7^7"] =ii[YY{'^9'"' - T'^t")] 

=2g^"' ■ 2^g''P - tr[7^7V7"]- 

.-. tr(7'^7^7V) = 2f [^'^V" - g^'g'"' + g^'g'"']- 

For example, in the case for D — A, 

iri^^YYi") = Kg^'^g'" - g^'g""" + g'^g""')- 



Therefore 



tr(7'^"7''") 



[tr[7'^7^7''7'^] - tr[7'^7'^7'^7''] - tr[7'^7'^7''7'^] + tr[7^7'^7'^7'']] 



-2f[^^V"-/V + ^''V1 



= - -2 2 - g^-g'^P - g-Pg^ + g-- g^P]. 



matrices 
(A.140) 



(A.141) 
(A.142) 



(A.143) 



(A.144) 
(A.145) 

(A.146) 



(A.147) 
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A.2 Spin field 

The OPE for 2-point function of the spin fields is given in [H] : 



{z — w)i {z — w)' 



Z — W)i 



(A.148) 



where j^'^{z) = tjj'^{z)tp'^{z). 

To calculate the disk amplitude, we need the OPE of 4-point function for the spin fields. 
The result is given as 



{S''{zi)S\z2)S'^{zs)S'{z,)) 



[Zl2Zl3ZuZ23Z2iZ'ii) 



(A.149) 



where Zij = Zi — Zj. When we consider SOFT on the 2-dimensional world sheet, there is the 
SL{2, C) invariance. And using the anharmonic quotient 



z = 



-12^34 



1 - z 



Z14Z23 



(A.150) 



2^132^24 2:13^24 
the following equation holds for the same 4-operators O : 

{0^{z,)0\z2)0^{zs)0\z,)) = {z,,Z2,)-'^{O^{+oo)O''{l)O'^{z)O''{0)), (A.151) 

where A is the conformal dimension of O. For the spin field S{z), A = |. Therefore 

{S%z^)S\z2)S%z,)S^{z,)) 

={^i3Z2,r'''Hs^{+oo)S\l)S%z)S%0)). (A.152) 

Following [TT], 

{s^{+oo)s\i)s%z)s'm = [z{i - z)]--^ [{1 - z){Yr\i,r - z{ir\ipr] ■ (a.iss) 

Substituting this into the above equation, we get : 

{S'^{z,)S\z2)S%Z:,)S\z^)) 

={zi3Z2.)-'^ [z{i - z)]-'^ [{1 - z){Yr{%r - ziir'h.r] 



kZ\3Z2a) 



yZi3Z24) 



Z\2Z3A Z14Z23 
Z13Z24: Z13Z24: 

(^13^24)^'^ 
(2;i22;i42;23^34) ' 



Z\3Z2A Z13Z24 



_ ZuZ23{Yr{lpY'' - Zi2Z34{Yr {lp) 
{Zi2Zi^Zi4^Z23Z2AZ3a) * 

Therefore we got (lA.149p . 



Z13Z2A Z13Z24 

P\ad( \bc 



(A.154) 



35 



A. 3 Disk amplitude for the graviton field 

In the main text, we calculated f l8.85p for the case when M^^{m) acts on (7^)"'' and M^'^(n) 
acts on {^y^- Here we consider the case when they act on the other part the of the 7 matrices 
in (ESS]). 

Firstly, we consider the case when M''^{m) acts on {^"y^ and M^^{n) acts on (7'^)'^*. 



NN 



TrPexp j drk-Ajkpkx j dx2 J dx^ J dx^ [{z — z){z — Xi){z — Xi)] 



(zi - X2) ^(xi-xa) ^{xi-xa) 4(0:2-2:3) 4(2:2-3:4) '*(x3-X4) 4 
1 1 \ / 1 1 



Z — X3 Z — XiJ\Z — Xi Z — X2^ 

QrajXi - Xi)ix2 - X^)^ [eaiY^rT'^b] \ VlY^YY^^A 

X 3- 

[(Xi - X2)(xi - X3)(xi - Xs){x2 - X3){X2 - 2:4) (xs - 2:4)] 4 

:^(7..Cj!f'TrPexp [i j drk - A^ k^kx [e.{Yn'%] [eaiYn'^'et] 



X / dxo / dx'i / dx. 



[z — z){z — Xi){z — Xi] 
2;i22;i32;242;34 



(Xg - X4)(Xi - X2) 



[z - X3){Z - Xi){z - Xi){z - X2) 

■\grXtuTrPey.v j drk-Aj k^kx [ecil^n^^^d] [eaiYn"' ^b] 

{z - z){z - Xi) 



X / dxo I dx^ I dx. 



Xl1,X2i{z - X3){z - X4){Z - X2) 

i^^.^C^J'TrPexp [i I drk-A^ k^kx [e.{Yn''ed] [eaiYn'^'^b] 
X / dx2 / dxs / dx^- 



z — z 



X2- Z 



Xi — Z 



" {Z - X2){z - X2) {X2 - X4){Z - X4^) {xi - X3) {z - X3) ' 

Taking the limit xi ^ z and X2 z, it becomes as: 
1 



(A.155) 



-Qr.C'' STr exp {tk - A) k^kx [e^iYn'^'^d] [ea^'n^'^b] {2mf 
= - 2nHgU^^STrexp {ik - A) k^kx [£^(7'^")'^'^] [eail^n^'^b] - (A.156) 
Secondly, we consider the case when M'''^{m) acts on (7'^)"'^ and M'^^(n) acts on (7'^)'"^. 



X 



(2:1 - X2) 4(xi-a:3) 4(2:1 -X4) 4(x2-X3) 4(x2-X4) 4(X3-X4)" 
1 1 \ / 1 1 



Z — X\ Z — XiJ\Z — X2 Z — X^^ 

-Qrajx, - X2)(X3 - Xi)^ [e,(7^^7")"'ed] i HY^Yf^ec] 

3 

[(2:1 - 2:2) (Xi - X3)(Xi - X4)(X2 - X3)(X2 - X4)(X3 - X4)]4 

^^..C?.''TrPexp (^i J drk-A^ k^kx [eaiY'T^] Hl'^'^^c] 
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J dx2 J dxs J 



[z — z){z — xi){z — Xi) 

XiiXi4,X2'iX2A 



{Xi - Xa){x2 - X3) 



Xz - Xi){z - Xi){z - X2){z — X3) 

{z -z){z- Xi) 



X / dx2 I dxz I dx4 



XviX24{z - Xi^{z - X2){z - Xs) 

-JpraC^rPexp [i J drk-Ajkpkx [eaiYn^'^d] Hl^n'^^c] 



X 



j dX2 j dX3 J 



dxA 



z — z 



Z — Xi 



Z - X2 



^ {Z - X2){Z - X2) {Xi - X3){Z - X2) {Z - X4){X2- X^y 

Taking the limit xi — > 2; and X2 — > z, it becomes as: 
1 



(A.157) 



-graCt^STre^v{ik-A)kpkx [caiYn^^ea] [6,(7"-)''%] {2m) 
= - 2T:HgraCSTre^^ (ik ■ A) k^k^ [eaiYn^'^ Hl^n'^ec] . (A.158) 
Thirdly, we consider the case when MP^^{m) acts on (7'^)'"^ and M^^{n) acts on (7'^)"'^. 

— (^^^Tr'P exp j drk ■ A^ kpkx j dx2 J dx^ J dx^^ [{z — z){z — Xi){z — Xi)] 

{Xi - X2)~^{xi - Xz)~^{xi - Xi)~^{x2 - Xri)~^{x2 - Xi)''^{x2, - Xi)~^ 



X 



X 



X 



Z — X2 Z — Xs/ \Z — Xi Z — X4^ 

-gra{xi - X2){X3 - Xi)^ [e„(7^ I [e6(7'"^7")''=ej 



[{Xi - X2){xi - X2){xi - Xi){x2 - Xz){x2 - Xi){xz - 0:4)] * 

- ^^raC^rPexp j drk ■ A^ k,kx [eah^n^'^d] HYn'''^ 

X J dX2 J dX3 J 



dX4 



[z - z){z- xi){z - Xi) 
X13X14X23X24: 



{X2 - X3){xi - X4) 



Z - X2){Z - X3){z - Xi){z - X4) 

- ^^raC^rPexp (^i j drk ■ A^ k,kx [eail^n'''^ HYn^'ec] 

{z — z){z — Xi) 



X / dxo I dx3 I dx. 



Xi3X2a{z - X2){Z - X3){z - X4) 

^..Cil^'^^rPexpfz / drk- a] kpkx [6„(7''^^)"''e,] [e,{Yn''e,] 



X / dxo I dx3 I dx. 



z — z 



Z — Xi 



Z-X2 



[Z-X2){z- X2) {Z-X3) {Xi - X3) {X2 - Xi) {Z - Xi) 

Taking the limit Xi — > z and X2 — > z, it becomes as: 

-^gr.C'^^STre^v{ik-A)kpkx [e„(7'^0"'e,] [e^iYn'^^o] (27ri)=^ 
= - 27r=^i5,,C2r^rr exp {ik ■ A) k^kx [ea{7"'T''e4 [eb{Yn'''ec] . 



(A.159) 



(A.160) 
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From flA.156p . flA.lSSp . and flA.160p . it can be said that all of these results give the same 



result as fl8.88p : that is : 

C^^STrexp {ik ■ A) k^k, [eaiYn^'^b] [edl^n^'^d] ■ (A.161) 

A. 4 Symmetrized trace 

Symmetrized trace is given in [12] by 

STr[e'''^0i02...0n] (A.162) 

= / dTi dT2... dTn 

•Jo J T\ J Tn-1 

+ (((m — 1)! — 1) more terms to symmetrize). (A. 163) 
The above expression is equal to the following path ordered product: 

TrP[exp(2 / drkX) f dT^O^{n) I dr202{r2) . . . f drMr^)] (A.164) 
JO Jo Jo Jo 

dn / dT2. . . dTn 

J r\ J Tn-l 

X Tr[Ci(ri)e*"^'=^C2(r2)e*("2~"^)'=^ . . . a„_i(r„_i)e*(""-^-""-2)^^0„(r„)e^(i-""-i)^^] 

+ (((m — 1)! — 1) more terms to symmetrize), (A.165) 

when Oi{Ti) are constant matrices. 
A. 5 lOD Vertex operators 

Here we list the IIB matrix model vertex operators up to the 4-th rank antisymmetric tensor 

[5]. (The higher terms are given in [5].) Here the symbol ■ in symmetrized trace distinguishes 
operators to be symmetrized (or antisymmetrized) in STr. 

V^{A,e) = STre'^-^. (A.166) 

V^{A,e) = STre'^-^e. (A.167) 

V^A^.e) = STre^'-^ Q^^e ■ ^,.,e) - '-[A„ A^]^ . (A.168) 

V^{A,e) = STre^-^ (^-±k^^e ■ ^,^,e) - 2[A„A^]^ . (A.169) 

- IkPe ■ 7p/3(^e ■ F.)^ + ■ 7(/.[^.), e] + 2F/ ■ F,,^ . (A.170) 
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+ \F\i,v ■ (e • lpafe)h - iFlt^i^ ■ Fpa]^ . (A.171) 
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